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Abstract. In this paper we compute the leading order Casimir energy for the 

electromagnetic field (EM) in an open ended perfectly conducting rectangular 

waveguide in three spatial dimensions by a direct approach. For this purpose we 

first obtain the second quantized expression for the EM field with boundary conditions 

which would be appropriate for a waveguide. We then obtain the Casimir energy by two 

different procedures. Our main approach does not contain any analytic continuation 

iQ} ' techniques. The second approach involves the routine zeta function regularization 

i-C . along with some analytic continuation techniques. Our two approaches yield identical 

results. This energy has been calculated previously for the EM field in a rectangular 

waveguide using an indirect approach invoking analogies between EM fields and 

, massless scalar fields, and using complicated analytic continuation techniques, and 

| the results are identical to ours. We have also calculated the pressures on different 

• sides and the total Casimir energy per unit length, and plotted these quantities as a 

function of the cross-sectional dimensions of the waveguide. We also present a physical 

' discussion about the rather peculiar effect of the change in the sign of the pressures as 

^5 ■ a function of the shape of the cross-sectional area. 
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^ ' 1. Introduction 



The Casimir effect is the physical manifestation of the change in the zero point energy 
of a quantum field for different configurations. The zero point configuration refers 
to one in which there does not exist any on-shell physical excitation of the field. 
The difference in the configurations could arise either from the imposition of different 
boundary conditions on the fields, or the presence of non-trivial spatial backgrounds 
(e.g. solitons). In 1948 Casimir predicted the existence of this effect as an attractive 
force between two infinite parallel uncharged perfectly conducting plates in vacuum [TJ. 
This effect was subsequently observed experimentally by Sparnaay in 1958 [2] (for a 
general review on the Casimir effect, see Refs. [3HU15]). Recently, similar measurements 
have been done for other geometries, and their precisions have been greatly improved 
[fH d [8] . The manifestations of the Casimir effect have been studied in many different 
areas of physics. For example, the magnitude of the cosmological constant has been 
estimated using the Casimir effect [91 [TO]. The effect has been also studied within the 
context of string theory [IT] . Recently this effect has been investigated in connection 
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with the properties of the space-time with extra dimensions [12]. The majority of the 
investigations related to the Casimir effect concern the calculation of this energy or 
the resulting forces for different fields in different geometries, such as parallel plates [JJ, 
cubes [TBI M, CE3 CE3 EH EE], cylinders [T91I23I2T]. and spherical geometries [221123]. An 
interesting question is the determination of the conditions under which the forces acting 
on the boundaries for closed geometries are attractive or repulsive in arbitrary spatial 
dimensions [2H [23 [23 123 123 I2S]. We should mention that in the calculations of the 
Casimir energy many different regularization schemes or renormalization programs have 
been used to remove the divergences, and some of these techniques have been compared 
with each other [33 EU [32], [33]. However, there are sometimes ambiguities associated 
with the analytic continuation techniques. 

Ambj0rn and Wolfram [34] were the first to calculate the Casimir energy in higher 
space-time dimensions, and in particular derived an expression for the change in the 
vacuum energy due to a rectangular box with p sides in d-dimensions for a massless 
and a massive scalar field by summing the zero point energy of the eigenmodes. The 
divergences were removed by using the following regularization and analytic continuation 
procedures: Zeta function regularization, dimensional regularization, and the reflection 
formula. The results are given in terms of the Epstein zeta function [351 [37] . Then, 
using analogies between EM and massless scalar fields, the Casimir energy for the EM 
radiation was indirectly deduced for the TE and TM modes in a perfectly conducting 
rectangular box. 

For the case of cavities, this energy has been calculated directly for both the EM 
field and scalar fields. Usually two different methods are used. The more routine 
one involves the aforementioned regularization and analytic continuation procedures. 
The main ingredient of the second method is the subtraction of two comparable 
configurations, sometimes supplemented by some regularization procedures, such as 
the use of convergence factors. The latter procedure was first used by Boyer for the 
calculation of the the EM Casimir energy in a spherical cavity [38] , where he subtracted 
the zero point energies of two concentric spheres, but with different sized inner cores. 
Analogous methods were used for two parallel plates [39] and rectangular cavities [T7] . 

The primary purpose of this paper is to directly derive a closed form expression 
for the Casimir energy for the EM field in a open-ended rectangular geometry in three 
spatial dimensions, which we shall henceforth call a waveguide. We do this by directly 
finding the EM modes, quantizing the resulting field, and calculating the zero point 
energy. We then obtain the Casimir energy using first the usual program which involves 
complicated analytic continuation techniques including zeta function and reflection 
formula, and second, a slight modification of the Boyer's method, henceforth called 
the Box Subtraction Scheme (BSS). As we shall show, in the latter procedure there is 
no need for any use of analytic continuation techniques, and all of the divergences can be 
removed without any ambiguities. Both of the results turn out to be equivalent to those 
of [M] . Therefore, the secondary purpose of our work is to check the complicated analytic 
continuation techniques in common use. However, either of our direct approaches to the 
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problem has the advantage of being easily extendable to higher orders in perturbation 
theory Ham]. 

In the Section 2, we calculate the EM modes and the resulting zero point energy 
in a rectangular waveguide. In Section 3, we first calculate the Casimir energy using 
the zeta function regularization, and then introduce the BSS to recalculate this energy. 
We then compare our results with those of [31]. We then show that our results for a 
rectangular waveguide of cross sectional area a x x a 2 agrees with the established results 
for a cavity in the appropriate limit. Then, we show that our results for the waveguide 
reduces to those of the two infinite parallel plates, in the appropriate limit. We then 
plot the Casimir energy per unit volume, its contour plot per unit volume, and the 
Casimir energy per unit length, all as a function of the cross-sectional lengths of the 
waveguide. We then define and calculate the pressures on different sides and plot them. 
We also present a physical discussion about the rather peculiar effect of the change in 
the sign of one of the pressures as a function of the shape of the cross-sectional area. 
We summarize our results in Section 4. 



2. Zero point energy in a waveguide for the EM field 

The lagrangian density for the electromagnetic field is: 

£ = i(E 2 -B 2 ). (1) 

For a conducting uncharged waveguide the electric and magnetic fields can be easily 
written in terms of the vector potential for example in coulomb gauge (see Ref . [12] ) . 
Therefore to derive the EM modes, it is sufficient to calculate the vector potential in the 
waveguide. However it is easier to find the physical fields E and B, and then calculate 
the corresponding vector potential. This is due to the fact that it is easier to impose 
the boundary conditions on the physical fields. For this purpose, we need only compute 
E z for TM modes, and B z for TE modes, where z is defined to be the main axis of the 
waveguide. The rest of the components can be calculated using the Maxwell equations. 



Explicit expressions for all components of the EM fields are shown in Appendix A Now, 
for each mode the vector potential A£(x, t) can be written in terms of the electric field 
as: 



A*(x,f) = — E*(x,f), (2) 
and its conjugate momenta is defined as: 

ni(x,f) = i^Ai(x,f), (3) 

where A = {1, 2} indicate {TE, TM} modes, respectively, and 




u k = c\k\ = c\l[ — ) +kl (4) 
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Here a\ and 0,2 define the cross-sectional dimensions of the rectangular waveguide. Since 
the set of all modes in the waveguide are complete and orthonormal, one can expand 
the classical EM field in terms of them ECU . 



A(x, t) = J2 E / ^ [C" (k) AL (x, t) + c.c] (5) 

A m,n=l 

+ E / t° TE (k) A ™ (x ' t} + cx -] + £ / \° TE (k) A ^ (x ' t] + c - c -] ' 

m=l J 71 n=l J 71 

where C A (k) and C A *(k) are the expansion coefficients. We use the canonical 
quantization method to quantize the field in the waveguide. For this purpose we let, 



C A *(k) 




N x (k) a A (k) 



(6) 



N A (k) a At (k) 



where a A t(k) and a A (k) are creation and annihilation operators. Now we impose the 
usual canonical commutation relations on the fields and their conjugate momenta, 



A A (x,t),A A ' (x',t) 

4 A ( x ,t),n A ' (x',t)" 



n A (x,t),n A ' (x',t) 



0. 



= ihSxx'Syd (x - x') , (7) 

and this will result in the usual canonical commutation relations between the a A (k) 
and a A t(k) |43j. Using this relation along with Eq. (JB]) we can find the normalization 
coefficients iV A (k) = uj^/c 

According to Eq. (OQ), the hamiltonian is: 



H 



d 3 x(|E(x,t)| 2 + |B(x,t)| 2 ). 



(8) 



Integrating over the volume of the waveguide gives the energy, and the vacuum 
expectation value of energy inside the waveguide is: 



(0\H\0) 



Ldk z 
Ldk 



E + E ^ 



, m,n=l 
00 



inQ— h 0n_ 2 

n=l m=l 



J m,n=0 



2 



(9) 



which simply means that the electromagnetic vacuum energy inside the waveguide is 
the sum of the zero point energies of all possible modes. This sum, and its analogues in 
any quantum field theory, always turn out to be infinite. 



3. The Casimir energy 



We obtained an expression for the zero point energy for the EM field in a rectangular 
waveguide in the previous section. As mentioned earlier, the main purposes of this 
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paper is to first obtain the Casimir energy using directly the EM field, and to avoid any 
use of analytic continuation techniques, utilizing BSS. Now we calculate the resulting 
Casimir energy by two different methods. First is the conventional method involving 
the usual regularization programs and the ensuing analytic continuations, and second is 
our method. We shall find that these two methods yield identical results for the leading 
order case, which agrees with the results obtained indirectly in [33] . 

The total energy of the vacuum for the EM field inside the waveguide is given in 
Eq. ([9]). High frequency modes render these sums formally divergent. Our first procedure 
involves the usual zeta function regularization. That is, we shall compute the following 
expression 

£ C a, = \ f ^ £ J2 (2 - Son ~ (10) 
J n =0 m=0 

which is convergent for d < — 1. By calculating the integral in Eq. (Ill) I) and using the 
definition of the Epstein zeta function [35] we obtain, 

£ Ca , = ^^^' ^ffl & K 1 , <H\ l~d)+Z 2 (a 2 "\ ar 1 ; 1 - d)] ■ (H) 

Note that the simple analytic continuation — ^ 3 leads to divergent result! However, 
we can use a simplified version of the reflection formula [34] applicable to this problem, 
n (i-d)/2 T Z2 ( a -i ; G -i. ! _ d ) = aia27r -(<m)/2 r (d±i) Z2 (ai; a2 . d + 1 y (12) 

The analytic continuation embedded in the reflection formula eliminates all of the 
infinities, and the final expression for the Casimir energy in terms of the Epstein zeta 
function can be written as [35J : 

— JxcLa\a2 

E Cas . = — — 1^2 (ai, a 2 ; 4) + Z 2 (a 2 , a x ; 4) . (13) 

As outlined above, the first method uses complicated analytic continuation 
techniques. We share the point of view with some authors that in general the use 
of analytic continuation techniques could lead to ambiguities [36] [3] HQ] HT] . This 
ambiguity has already shown up in our calculations, as explicitly stated in the sentence 
below Eq. flTTJ). This is why we think it is worthwhile to obtain the Casimir energy by 
a method which does not use such techniques. As a first step towards this goal, we 
introduce two similar configurations, each of which consists of a waveguide enclosed in 
a larger one of cross-sectional area R 2 , as shown in Fig. (JT]). The Casimir energy can 
now be defined as: 



Ec& s . = lim 

bi/a,b2/a^>oo 



lim (E A -E B ) 

R/b^oo 



(14) 



where E& (Eg) is the energy of configuration A (B), and a = Max{a 1; a2} and 
b = Max{&i,&2}- Subtraction of the zero point energy of B from A is equivalent to 
the work done in deforming the configuration B to A. Therefore, having chosen the 
same R for both configurations, we expect this quantity per unit length to be finite on 
physical grounds and to depend only on the dimensions of the original waveguide. To 
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Figure 1. Left figure is a A configuration" and right one is 11 B configuration". 
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Figure 2. Left figure is 11 A' configuration" and right one is U B' configuration". 



calculate the Casimir energy it is necessary to have an expression for all the EM modes 
in the whole configuration. However, calculation of the EM modes in the middle regions 
is very cumbersome. Therefore, to simplify the task, without any loss of generality, we 
define an alternative set of configurations in Fig. (TSJ). We can then define the Casimir 
energy as in Eq. ffl^j) . but with following replacement A — > A' and B — > B' . As we shall 
show explicitly in Appendix B , as expected, all of the infinities automatically cancel 
each other out upon subtracting the zero point energies of the two configurations, even 
for finite values of {a%, 02, b\, 62, R}- It is important to note that for any finite value of 
R the Casimir energies of the two sets of configurations depicted in Figs.(CE|) and ([2]) will 
differ by a finite amount, after the automatic cancelation of all the infinities. However, 
as we shall show explicitly in Appendix B the difference between the remaining finite 
terms due to the boundary waveguides in the {A', B'} configuration go to zero in the 
limit R — > 00. Therefore the difference in the energies of the two sets of waveguides in 
the {^4', B'} configuration in the limit R — » 00, is only due to the difference between 
the two inner waveguides and this can be properly defined to be the Casimir energy. 

We can solve the problem using BSS by first using the Abel-Plana Summation 
Formula (APSF) [H] for the sums in our main equation for the zero point energy, 
Eq. (ED, 
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lim 




dxg (x) + i 



°° -. 9 (it) ~ 9 (-it) 

e 2nt _ J 



where g (n) is defined in the Appendix B The calculations for each term in the integrand 



is very lengthy, and are done in the|Appendix B[ However, here we like to briefly outline 



the calculations, especially the cancelation of infinities. The first term in the integrand 
contains infinite terms some of which, as expected, cancel each other out due to the 
BSS. However a few infinite terms remain. Similar cancelations occur for the second 
term. The remaining infinite terms of these two terms exactly cancel each other out. 
The third term (the branch-cut term) is finite. Therefore all the infinities cancel each 
other out due to the BSS, without resorting to any analytic continuation techniques, and 
more surprisingly, even without resorting to any regularization scheme. The Casimir 
energy can be easily obtained by collecting all the finite pieces from the above three 



terms which are all of branch-cut types and obtained explicitly in the Appendix B The 
final expression for the Casimir energy, after taking the appropriate limits is, 

—hcL( (3) ( 1 \\ hcLn 2 a2ai ( 1 1 



E t 
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Figure 3. The Casimir energy, per unit volume, for the EM field inside a 
perfectly conducting rectangular waveguide in three spatial dimensions with 
cross-sectional area a\ x in units he = 1 and a\ = 1. Note that 
the asymptotic value is the Casimir energy for two infinite parallel plates 
(-/ic7r 2 /720). When all the lengths are measured in units of mm and the energy 
in eV, the factor for converting the energy density to eV/mm 3 is 1.978 x 10 . 



One can show that this expression for the Casimir energy is identical to the previous 
one obtained by zeta function regularization, i.e. Eq. (jl3|) . One can also easily show that 
the Casimir energy obtained here directly from the second quantized form of the EM field 
for any waveguide in three spatial dimensions, using any of our two programs, is identical 
with the results obtained indirectly in [31] using analogies between massless scalar field 
and the EM field. As mentioned before, the Casimir problem inside a rectangular cavity 
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with perfectly conducting walls has been solved directly and exactly, although the final 
result is not in a closed form [17] . They have computed the limit of their expression 
reducing to a waveguide with square cross section. We have computed the limit of their 
results for the slightly more general case of a waveguide with rectangular cross section 
and the results are identical to ours. The other extreme limit of the waveguide is when 
one of the sides approaches infinity, for example a 2 . Then, our result Eq. ([TBI) , turns out 
to be exactly the Casimir energy for two infinite parallel plates [1] , 

har 2 La 2 

Ecas - ~ ~^20^T (17) 

The Casimir energy density is plotted in Fig. ([3]) and its contour plot is illustrated in 
Fig. (pT|. Note that in Fig. (j3J) the regions shaded darker correspond to lower energies. 

We can define the Casimir pressure Pi on the plate of the waveguide whose 
perpendicular direction is i, and its area is Aj by: 

p ' = ~\^t (i = 1 ' 2) ' (18) 

In Fig. ([5]) we display the Casimir energy, per unit length, as a function of a 2 for 
a\ = 1. Note the existence of a maximum indicates that as a 2 increases for fixed a\, the 
pressure P 2 increases from a negative (inwards) to a positive value (outwards), while 
Pi approaches the value appropriate for the parallel plate problem (Fig. [6]). Analogous 
findings have been reported for the rectangular cavity problem [T51 [T71 [25] . We have 
come up with the following physical reasoning for this phenomena: As a 2 increases, 
for fixed a%, past a critical threshold of about 1.52, the total energy starts to decrease 
although, any two opposite pairs of sides always attract each other. That is, with any 
further increase in a 2 , the increase in the energy due to the attraction of the sides 
labeled A 2 = a\ x L is more than compensated by the reduction in the energy due to 
the attraction of the sides labeled A\ = a 2 x L. 
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Figure 5. The Casimir energy, per unit length, as a function of 02 for the EM 
field inside a conducting rectangular waveguide, in units He = 1 and a\ = 1. 
Note the existence of a maximum value signifies a change in the direction of the 
pressure. When all the lengths are measured in units of mm and the energy 
in eV, the factor for converting the total energy, per unit length, to eV/mm is 
1.978 x 10" 4 . 
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Figure 6. The Casimir pressure as a function of ai for the EM field inside 
a conducting rectangular waveguide, in units he = 1 and a\ = 1. Note P2 
increases to a positive value after the critical value 02 ~ 1.52. When all the 
lengths are measured in mm, the factor for converting the pressure to uPa is 
3.166 x 1(T 8 . 




4. Conclusion 

In this paper, we have obtained the Casimir energy for EM field in a rectangular 
waveguide by directly finding the EM modes inside the waveguide, and summing over 
the zero modes of the corresponding second quantized EM field operator. We compute 
the sums using two completely different methods. First is the zeta function analytic 
continuation method. Second, is the BSS whose basis is confining the waveguide inside 
a large one and computing the difference in the vacuum energies in two comparable 
configurations. The results of these two techniques are identical. However, the latter 
provides a mechanism by which precise cancelations of divergences occur without using 
any analytic continuation or regularization schemes. Our results also turn out to be 
identical to those of [TT], [34] in the appropriate limit. However in reference [34] the 
results were obtained indirectly by using some analogies between the EM field and 
massless scalar fields. The direct method has the added advantage of being easily 
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extendable to calculations of radiative corrections to the Casimir energy. We have also 
computed and displayed the results for the Casimir energy, its density, and pressures 
as a function of the cross sectional sides of the waveguide. The physical reasons for the 
phenomena of the change in the sign of one of the pressures are also given. 

Appendix A. Electromagnetic Modes in Waveguides 



In this Appendix we present explicit formulae for the TE and TM modes inside a 
rectangular waveguide with inner dimensions ax and a 2 [42] . For the TE waves the wave 
equation for B z is: 

V^ 2 (x,t) + k^ 2 (x,t) = 0, (A.l) 

where k t is transverse momentum. The solution for B z satisfying the appropriate 
boundary conditions is, 



frnif a x \\ ( mn ( a 2 
B z = B 0z cos I- + cos f — (y + - 



(A.2) 



and k? 



+ 



Now, we can use the Maxwell equations to obtain all the 



components of the EM fields, 



B, 



(x,t) = B Qz \ 



—nn I nix ai A / mn a 2 , 

sm — (x H ) cos (y H 

ai V a 1 2 ) \ a 2 2 ' 



mn {nit, cli\ ( mn a 2 , 

cos — {x + — ) sm (y + — 

a 2 \ai 2 J \ a 2 2 



nn 

+ cos ( — (x 



a\ A / mn a 2 , 
-)) cos ( — (y + - 



z >e 



y 

ik z z— iuj-^t 



X 



(A.3) 



E nm (x, t) — T-y-B 0z 
kfC 

nn f nn a i A f mn a 2 . 

+ — sm — (x + — ) cos (y + — 

ai \ai 2 \a 2 2 



mir I mr . a± . \ / mir a 2 

cos — (x + —)\ sm (y + — 

a 2 \ai 2 1 \ a 2 2 



^ikzZ — lUJ-^t 



(A.4) 



For the TM waves the wave equation for E z is: 

V 2 £ z (x,t)+k 2 £,(x,t) = 0, 

where k t is transverse momentum. The solution for E z satisfying the appropriate 
boundary conditions is, 



_. / nn ^iA {mil a 2 . 
E z = E 0z sm + sm ^— (y+- 



(A.5) 



Now, we can use the Maxwell equations to obtain all the components of the EM fields, 
iuj k 



k 2 



■Ex 



Or 



tot / v/k a i\\ ( m-K a 2s 

— cos — [x + — ) sm (y + — ) j y 

a\ \ a% z / v a2 z 



m7T / nn a\ \ I mn a 2 , 



(A.6) 
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ik z 



E, 



nn ( nir a±. 
— cos — (x + — 
a 1 \a 1 2 ' 



sm 



mir 
H sm 



a-2 



nir. ai. 
— (x + 
a\ 2 



cos 



ran 



7TITC 

a-2 



(y 



a 2 
~2 



(y+ 

a 2 2 

. (nir, a i\\ . (rrni a 2 . 

+£ * sm — (x + — ) sm [y+ — ) 

V «i 2 y V a 2 2 



(A.7) 



z >e 



Appendix B. Explicit Calculations of the Casimir Energy 



In this Appendix we show the main steps necessary to derive the main expression for the 
Casimir energy for a perfectly conducting waveguide with cross sectional area ai x a 2 , 
starting with its original definition, Eq. (|T5|) . and using the second set of configurations 
in fig. ([2]). Then the Casimir energy can be written as: 



Cas. 



Eq (oi,o 2 ) + 2£ 
-< ai — > bt,a 2 



R — a\ R + a 2 



+ 2E 



R + ai R — a 2 



(B.l) 



The main ingredient of Eq. (1151) for the Casimir energy is its integrand whose explicit 
form can be obtained from Eq. fIB.lj) . 



Y,9(n)=Y / \s n (a 1 )+S n (a 2 ) + 2 



n=l 



71=1 



m=l 



+2 



5*,, 



5n 



R — a\ 
2 

i? + ai 



Sn 



+ s n 



R + a 2 
2 

R — a 2 



OO / 
?Ti=l ^ 

j + 2 ^ ^ S m) „ I 

' m=l ^ 



R — a 1 R + a 2 
2 ' 2 

i? + a x R — a 2 



(B.2) 



ai — > 6i, a 2 



where, 



(^)' + (^) + * and S. 



X 



— + *», (B.3) 
x J 



where x and y denote the dimensions of the inner boxes. As we shall show explicitly 
below, the BSS, symbolically indicated in the last line of Eq. ( 1B.2|) . renders that quantity 
finite. Equation (1B.2j) is manifestly symmetric in all its double arguments symbolically 
denoted by x and y, and the calculations will greatly simplify if we make use of this 
symmetry in the following form, 



OO OO 



OO OO 



5^ 5^ s m,n(x, y) = S \ (^W^ y) + S m,n(y, X)). 



(B.4) 



n=l m=l 



n=l m=l 
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One of the main tools that we use to obtain the final results is the Abel-Plana Summation 
Formula (APSF), 



J2g(n) = — g (0) 

n=l 



dxg (x) + i 



dt 



9 {it) - 9 (~it) 



-Jl-Kt 



~ 1 



(B.5) 



The last term in the APSF is called the branch-cut term and always leads to finite 
>Iow \~ 

9(0) 



results. Now we use the APSF for Eq. (1B.2[) . The first term gives 
-1 



+2 
+2 



^ /- oo oo 

— <k z + k z + ^2 S m (ai) + ^2 Sm (° 2 ) 

^ 771=1 771=1 

k z + k z + ^ ^ S m ( - j + ^ ^ 

771=1 ' 777=1 

k z -\- k z -\- ^ ^ S* m f - j + ^ ^ 5,, 



(B.6) 
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R — Gl 2 



-{ai -> &i,a 2 -> 6 2 }|. 



Note that each of the k z terms give quadratically divergent terms when integrated. 
However, BSS cancel all these terms between A' and B' configurations. Now we can 
use the APSF again for the remaining sums. To simplify the expression, we use the 
following change of variables, 

/ 7777r 

* = — , £ 

71 







The result is: 



-1 



9(0) 



-1 



k. 



V x / 



ax + a 2 



7T 



dV* 2 + k 2 z .(B.7) 
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+ B k , 
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(B.8) 



Where the branch-cut terms in this case become, 



(x) = -2 



x \/(-) ~kl 

dty 1 ' 



(B.9) 



As is apparent from this expression we have terms which again lead to divergent results 
when integrated, or are directly divergent. They include the previous k z terms along 
with new ones involving square roots. Almost all of these terms cancel due to our BSS, 
with only the first square root term remaining. As we shall show, it will exactly cancel 
the analogous terms coming from the second term of APSF, Eq. ( 1B.5I) . The remaining 
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terms are, 
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The second term of APSF gives, 
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Carrying out analogous steps as for the first term of APSF, we obtain 
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where the branch-cut term in this case becomes, 
Bu t (x) = -2 



dp 



(?) -(* 2 +^) 



e 27rp _ 1 



(B.12) 



(B.13) 



Note that by summing the first two terms of APSF (Eqs. (IB.lOj) and (IB. 121) ). the 
divergences cancel each other out exactly, and no infinite term remains. This is solely due 
the fact that in the BSS we have chosen the cross-sectional area of the outer waveguides 
to be equal for both A' and B' configurations. The third term of the APSF which 
contains only two kinds of branch-cut terms. The first type is given in Eq. (IB. 91) and 
the second type is, 



B(y,S m (x)) 



dt 



(x) 



'ySrnM e 27rf — 1 

Note that only finite terms of branch-cut types remain from all three terms of the APSF. 
Now we just have to collect them all and integrate them over k z as indicated in Eq. (Tl5|) . 
The integral of the three different kind of branch cuts can be easily calculated and the 
results for each are: 



(B.14) 
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. (B.17) 
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The sum over j in the last equation comes from the Taylor expansion of the denominator 
of that particular branch-cut term Eq. (1B.14I) . An extremely important point to mention 
is that the remaining finite contribution to the Casimir energy coming from the outer 
waveguides, even after BSS, is nonzero for finite values of the dimensions of the 
waveguides. However, as we shall show below, in the limit of large R, there is partial 
cancelation between those terms, and the remaining terms go to zero in the limit R — > 00. 
This shows that the outer waveguides have done their job in the BSS of canceling 
infinities, without leaving any finite contribution to the Casimir energy in the limit 
R — > 00. The final step in calculation of the Casimir energy is a calculation of the 
limits in the appropriate order as indicated in Eq. ( fl~5l) . Then the final result is given in 
Eq.(H6D. 

The finite contribution to the Casimir energy coming from the outer waveguides is, 
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A Taylor expansion of the above expression up to O (^) gives, 
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(B.18) 



(B.19) 
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Note that the odd terms in R cancel each other out. The even terms go to zero in the 
limit R — > 00. 



A Direct Approach to the Electromagnetic Casimir Energy in a Rectangular Waveguidelh 



Acknowledgement 

We would like to thank the research office of the Shahid Beheshti University for financial 
support. 

References 



[2] 
[3] 



[5 



[9 
[10 

[11 
[12 

[13 

[14; 

[15 
[16 
[17 

[is; 

[19 
[20 
[21 
[22 



H.B.G. Casimir and D. Polder, The Influence of Retardation on the London-van der Waals Forces, 

Phys. Rev. 73 (1948) 360. 
M. J. Sparnaay, Measurements of attractive forces between flat plates, Physica 24, 751 (1958). 
M. Bordag, U. Mohideen and V.M. Mostepanenko, New developments in the Casimir effect, Phys. 

Rep. 353 (2001) 1, [arXiv:quant-ph/0106045| . 
K. A. Milton, The Casimir Effect: Physical Manifestations of Zero Point Energy, 

|arXiv:hep-th/9901011| (1999). 
K. A. Milton, The Casimir Effect: Physical Manifestations of Zero-Point Energy, (World Scientific 

Publishing Co. 2001). 

S. K. Lamoreaux, Demonstration of the Casimir Force in the 0.6 to 6 \xm Range, Phys. Rev. Lett. 
78, 5 (1997). 

G. Bressi, G. Carugno, R. Onfrio, G. Ruoso, Measurement of the Casimir Force between Parallel 

Metallic Surfaces, Phys. Rev. Lett. 88, 041804 (2002). 
A. Gusso, and A. G. M. Schmidt, Repulsive Casimir Forces Produced in Rectangular Cavities: 

Possible Measurements and Applications, Brazilian Journal of physics 36, IB 168 (2006). 
E. Elizalde, Matching the observational value of the cosmological costant, Phys. Lett. B 516, 143 

(2001). 

F. Bauer, M. Lindner, and G. Seidl, Casimir energy in deconstruction and the cosmological 
constant, JEEP 05, 026 (2004). 

M. Fabinger, P. Horava, Casimir effect between world-branes in heterotic M-theory, Nucl. Phys. B 
580, 243 (2000). 

K. Poppenhaeger, S. Hossenfelder, S. Hofmann, M. Bleicher, The Casimir effect in the presence of 

compactified universal extra dimensions , Phys. Lett. B 582, 1 (2004). 
S. Hacyan, R. Jauregui, and C. Villarreal, Spectrum of quantum electromagnetic fluctuations in 

rectangular cavities, Phys. Rev. A 47, 4204 (1993). 
H. Cheng, The Casimir energy for a rectangular cavity at finite temperature, J. Phys. A: Math. 

Gen. 35, 2205 (2002). 

X. Li and X. Zhai, Rigorous proof of the attractive nature for the Casimir force of a p-odd hypercube, 
J. Phys. A: Math. Gen. 34, 11053 (2001). 

G. J. Maclay, Analysis of zero-point electromagnetic energy and Casimir forces in conducting 
rectangular cavities, Phys. Rev. A 61, 052110 (2000). 

W. Lukosz, Electromagnetic zero-point energy and radiation pressure for a rectangular cavity, 
Physica, 56, 109 (1971). 

J. R. Ruggiero, A. Villani and A. H. Zimerman, Some comments on the application of analytic 

regularisation to the Casimir forces, J. Phys. A: Math. Gen. 13, 761 (1980). 
P. A. M. Neto, The dynamical Casimir effect with cylindrical waveguides, J. Opt. B: Quantum 

Semiclass. 7, s86 (2005). 
F. D. Mazzitelli, M. J. Sanchez, N. N. Scoccola, and J. von Stecher, Casimir interaction between 

two concentric cylinders: Exact versus semiclassical results, Phys. Rev. A 67, 013807 (2003). 
D. A. R. Dalvit, F. C. Lombardo, F. D. Mazzitelli, and R. Onofrio, Exact Casimir interaction 

between concentric cylinders, Phys. Rev. A 74, 020101 (2006). 
M. Bordag, E. Elizalde, K. Kirsten, and S. Leseduarte, Casimir energies for massive scalar fields 

in a spherical geometry, Phys. Rev. D 56, 4896 (1997). 



A Direct Approach to the Electromagnetic Casimir Energy in a Rectangular WaveguidelQ 

[23] C. M. Bender, and K. A. Milton, Scalar Casimir effect for a D- dimensional sphere, Phys. Rev. D 
50, 6547 (1994). 

[24] F. Caruso, N. P. Neto, B. F. Svaiter, and N. F. Svaiter, Attractive or repulsive nature of Casimir 

force in D- dimensional Minkowski spacetime, Phys. Rev. D 43, 1300 (1991). 
[25] R. M. Cavalcanti, Casimir force on a piston, Phys. Rev. D 69, 065015 (2004). 
[26] A. Edery, and I. MacDonald, Cancellation of nonrenormalizable hypersurface divergences and the 

d-dimensional Casimir piston, JHEP 09, 005 (2007). 
[27] H. Alnes, F. Ravndal, I. K. Wehus, and K. Olaussen, Electromagnetic Casimir energy with extra 

dimensions, Phys. Rev. D 74, 105017 (2006). 
[28] M. P. Hertzberg, R. L. Jaffe, M. Kardar, and A. Scardicchio, Attractive Casimir Forces in a Closed 

Geometry, Phys. Rev. Lett. 95, 250402 (2005). 
[29] X. Li, H. Cheng, J. Li, and X. Zhai, Attractive or repulsive nature of the Casimir force for 

rectangular cavity, Phys. Rev. D 56, 2155 (1997). 
[30] B. F. Svaiter, and N. F. Svaiter, Casimir effect in a D-dimensional flat space-time and the cut-off 

method, J. Math. Phys. 32, 175 (1991). 
[31] B. F. Svaiter, and N. F. Svaiter, Zero point energy and analytic regularizations, Phys. Rev. D 47, 

4581 (1993). 

[32] R. B. Rodrigues, N. F. Svaiter, Vacuum fluctuations of a scalar field in a rectangular waveguide, 

Physica A 328, 466 (2003). 
[33] P. Wcgrzyn, An optical approach to the dynamical Casimir effect, J. Phys. B:At. Mol. Opt. Phys. 

39, 4895 (2006). 

[34] J. Ambj0rn and S. Wolfram, Properties of the vacuum, 1. Mechanical and thermodynamic, Ann. 

Phys. (N.Y.) 147 (1983) 1. 
[35] P. Epstein, Zur Theorie allgemeiner Zetafunktionen. I. Math. Ann. 56, 614 (1903). 
[36] B. S. Kay, Casimir effect in quantum field theory, Phys. Rev. D 20, 3052 (1979). 
[37] A. Edery, Multidimensional cut-off technique, odd- dimensional Epstein zeta functions and Casimir 

energy of massless scalar fields, J. Phys. A: Math. Gen. 39, 685 (2006). 
[38] T. H. Boyer, Quantum Electromagnetic Zero-Point Energy of a Conducting Spherical Shell and 

the Casimir Model for a Charged Particle, Phys. Rev. 174, 1764 (1968). 
[39] G. Plunicn, B. Mueller, and W. Greincr, The Casimir effect, Phys. Rep. 134, 87 (1986). 
[40] R. Moazzemi, M. Namdar, and S. S. Goushch, The Dirichlet Casimir effect for (j) 4 

theory in (3 + 1) dimensions: a new renormalization approach, JHEP 09, 029 (2007), 

[arXiv : hep-th/0708 . 4127vl] . 
[41] R. Moazzemi, S. S. Goushch, A new renormalization approach to the Dirichlet Casimir effect for 

4 theory in 1+1 dimensions, Phys. Lett. B 658, 255 (2008), [arXiv : hep-th/0708 . 3428v2] . 
[42] J. David Jackson, Cassical Electrodynamics, third edition, (1998). 
[43] J. J. Sakurai, Advanced Quantum Mechanics, (Addison- Wesley Publishing, 1967). 
[44] P. Hcnrici, Applied and Computational Complex Analysis, vol 1, John Wiely and Sons 

Newyork,(1948). 



